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= 1. We may represent a state of a qubit
as a point on the Bloch sphere with the parameterization  = cos #=2 and  = e
i'
sin#=2. In quantum or atomic
optics the qubit is often represented by a two-level atom (ion) with two selected internal levels denoted as jgi and
jei. The quantum register of size N is a collection of N qubits. The quantum logic gate is a quantum device which
performs a unitary operation on selected (target) qubits conditioned by states of control qubits during a given interval
of time. A gate acting on a single qubit is termed as a single-qubit gate, gates acting on more qubits are referred
to as multi-qubit gates. The quantum logic network is a quantum device consisting of several quantum logic gates
synchronized in time.
A. Single-qubit rotation














A special case of a single-qubit gate is a single-qubit rotation O [see FIG. 1 (a)]. Its parameterization depends on the

































FIG. 1: A schematic representation of (a) a single-qubit rotation dened by the relation (2.2), (b) a two-qubit CNOT gate dened by the
transformation (2.3) and (c) a multi-qubit (control)
q
-NOT gate dened by the transformation (2.4).
B. Two-qubit and multi-qubit control-NOT gates
A two-qubit control-NOT (CNOT) gate acts on two quantum bits denoted as the control and the target qubit,
respectively [see FIG. 1 (b)]. If the control qubit (m
1
) is in the state j1i, the state of the target qubit (m
2
) is ipped.























































A multi-qubit control-NOT (CNOT) gate is dened analogically [see FIG. 1 (c)]. The only dierence is the number
of control qubits. In other words, a multi-qubit (control)
q
-NOT gate acts on q + 1 qubits with q control qubits
(m
1
; : : : ;m
q
) and the m
q+1
qubit is target. If all control qubits are in the state j1i, then the state of the target qubit
is ipped. Otherwise, the gate action is trivial. The truth table of the multi-qubit (control)
q
-NOT gate acting on
3m
1
; : : : ;m
q+1


































































C. Multi-qubit control-R gates
A multi-qubit (control)
q
-R gate acts on q + 1 qubits. The m
1
; : : : ;m
q
qubits represent the control part of the gate
while the m
q+1
qubit represents the target [FIG. 2]. This gate performs a single-qubit rotation (2.2) on the target
qubit if all control qubits are in the state j1i. Otherwise, it acts trivially. Speaking precisely, if all control qubits
(m
1
; : : : ;m
q










is applied (from right to left) on the m
q+1





































































= O(; 0) and R
y
2
= O(; 0). The operation O(; ) is dened by the relation
(2.2). The matrix  denotes the NOT operation. If not all control qubits are in the state j1i, then the gate performs










, where 1 is the unity operator. We may write the truth table
of the multi-qubit (control)
q


































































i are dened in (2.4).







FIG. 2: A scheme of a multi-qubit (control)
q
-NOT gate acting on q + 1 qubits with q control qubits (m
1















are dened by Eq. (2.5) and the gate is determined by the transformation (2.6). The






If the preparation of a particular class of quantum states does not require the introduction of a relative phase shift
 between the basis states j0i and j1i, then a reduced quantum logic network is suÆcient. In particular, the operation





on the target qubit (m
q+1
) conditioned by the state of control qubits (m
1
; : : : ;m
q
) can be realized


























































4The results given above for the multi-qubit control-R gates are compatible with the scheme proposed in Ref. [17],
where a decomposition of multi-qubit CNOT gates into a network of two-qubit CNOT gates has been presented.
However, this decomposition may require many elementary operations. It seems to be more appropriate for some
practical implementations of quantum computing (for example, computing with cold trapped ions [16]) to implement
directly multi-qubit CNOT gates.
III. QUANTUM LOGIC NETWORKS FOR THE STATE SYNTHESIS
In this Section we present quantum logic networks for the synthesis of specic types of coherent superpositions
of multi-qubit quantum states. Later we will use this result for construction of an algorithm for a generation of an
arbitrary pure quantum state of N qubits.
































Firstly, let us consider a simple network consisting of a multi-qubit control-R gate having (N   1) control qubits
(c
1
; : : : ; c
N 1
) and a single target qubit (t
1
) [see FIG. 3]. Let us assume that all qubits have been initially prepared
in the state j1i, i.e. the whole system is in the state j1i
N

























FIG. 3: The network realizing the transformation given by (3.2).
Secondly, let us consider a network with (N   2) control qubits (c
1
; : : : ; c
N 2





FIG. 4]. The network acts on the initial state j1i
N
as follows (each arrow in the gure corresponds to an action of a























































FIG. 4: The network realizing the transformation (3.3).
Further, we design a network with (N   3) control qubits (c
1
; : : : ; c
N 3














































































































FIG. 5: The network realizing the transformation (3.4).
The arrangement of quantum logic networks with more target qubits is straightforward. One has to add another
multi-qubit CNOT gate acting on the added target qubit and then one more multi-qubit CNOT gate must be included





line in Eq. (3.4)].
As an example let us consider a network that prepares a pure symmetric (with respect to permutations) entangled
state with just one qubit in the state j0i and all others in the state j1i [see Eq. (1.1)]. It can be shown that this state
exhibits the maximum degree of entanglement between any pair of N qubits [14]. The network for the synthesis of
the state (1.1) from the initial state j1i
N
is shown in FIG. 6, where the rotations U
j





















; j = 1; : : : ; N   1 : (3.5)





























































































































represents the state of the register with
(N   1) qubits in j1i and the jth qubit in the state j0i [see the notation in Eq. (3.1)].
A very simple example is the synthesis of the GHZ state, i.e. a coherent superposition with all qubits to be in the








2. The corresponding network is shown in
























FIG. 6: The network for the synthesis of the symmetric entangled state (1.1) on N qubits. The rotations U
j
are given by Eq. (3.5). The








FIG. 7: The network for the synthesis of the generalization of the GHZ state. The single-qubit rotation R is given by Eq. (2.2) for
R = O(=2; ). The initial state is j0i
N
.
IV. SYNTHESIS OF AN ARBITRARY PURE QUANTUM STATE
Coherent manipulation with states of quantum registers and, in particular, the synthesis of an arbitrary pure
quantum state is of the central importance for quantum computing. One of the important tasks is the preparation of
multi-qubit entangled states.
Based on the discussion presented above we can propose an array of quantum logic networks that prepare an


























where x is a binary representation of the number 2
j
. The proposed scheme can be generalized on the quantum register
of an arbitrary size, but for simplicity we will rstly consider the case of three qubits.
A general state of three qubits is given as









































; : : : ; 
7







= 1 ; (4.3)
and '
1
; : : : ; '
7
are relative phase factors. The global phase is chosen such that '
0
= 0.
In what follows we will present the procedure for the synthesis of the state (4.2). Let us use the abbreviated form



















































FIG. 8: An array of networks for the synthesis of an arbitrary pure quantum state (4.2) on three qubits. The initial state is j000i and
the rotations U
j
























. The initial state is j000i. The network presented in FIG. 8 (a) prepares out of the





















is added to the superposition (4.5) while the amplitude of the component j000i is not aected at all. The application














and does not inuence the amplitudes of two foregoing terms j000i and j001i. Repeating this procedure, the network










































































































































































































. The table relates these two set of numbers. The
inverse relations are given by the equations (4.13) and (4.14).






















Comparing the output from the networks shown in FIG. 8, determined by the relations (4.5){(4.12), with the expression
(4.2), we get the nal results in TABLE I.
The coherent superposition (4.2) is completely determined by 15 parameters (
0




; : : : ; '
7
). The nor-
malization condition (4.3) reduces this number to 14. The networks in FIG. 8 are determined by 14 parameters
(b
0




; : : : ; 
6
















































; j = 1; : : : ; 6 ; (4.14)
which determine the single-qubit rotations (4.4).
The state (4.2) contains terms corresponding to all possible permutations of three qubits. However, a reduced
superposition with some terms missing might be desired. For this purpose, we can skip networks responsible for the
synthesis of these terms or the corresponding parameter b
j
can be set to zero. For instance, in the case when the term
j000i does not appear in a nal desired quantum state, we begin with the initial state j111i and skip the network in
FIG. 8 (a). If we do not wish, for a change, to generate the term j111i, one may set the parameter a
6
to zero and the
phase factor can be chosen arbitrarily (see the table above).
The scheme can be analogically extended to an arbitrary number of qubits. In what follows we will briey discuss
the extension on four qubits. These can be prepared, in general, in the coherent superposition consisting of 16 terms,
i.e. j0000i, j0100i, j0010i, ... , j1111i.
The network in FIG. 10 (a) prepares the superposition of the terms j0000i and j1111i with correspond-
ing complex amplitudes depending on the choice of the single-qubit rotation R
1
. Application of the net-









f(1; 2; 3; 4); (2;1;3; 4); (3;1; 2; 4); (4;1; 2; 3)g, adds to the superposition new terms j1000i; j0100i; j0010i; j0001i with
corresponding amplitudes determined by R
2
. Further, we apply the network of the type in FIG. 10 (c) run-








) = f(3; 4; 1; 2); (2;4; 1; 3); (2;3; 1; 4); (1; 4; 2;3); (1; 3; 2;4); (1; 2;3;4)g and
the terms j0011i; j0101i; j0110i; j1001i; j1010i; j1100i (with corresponding amplitudes given by R
3
) will be in-









f(2; 3; 4; 1); (3;4;1; 2); (4;1; 2; 3); (1;2; 3; 4)g generates new terms j0111i; j1011; j1101i; j1110i.
The extension to N qubits is analogical. The state synthesis is started from the initial state j0i
N
. Firstly, one






































FIG. 10: An array of networks for the synthesis of an arbitrary pure quantum state (4.1) of four qubits as discussed in Section IV).
networks with one control qubit (c
1
) and N   1 target qubits (t
1
; : : : ; t
N 1
) running through all permutations are




) and N   2 target qubits (t
1
; : : : ; t
N 2
).
Further, the networks with more control qubits (3; 4; : : : ; N   1). These procedures are repeated until we achieve
N   1 control qubits (and one target qubit). The synthesis stops and a desired nal state is prepared.
V. REALIZATION ON COLD TRAPPED IONS
In previous sections we have proposed a scheme for the synthesis of an arbitrary pure quantum state of a system
of N qubits. The implementation of the multi-qubit CNOT gate has played the central role in our scheme. It is well
known how to decompose multi-qubit gates into a network of single-qubit and two-qubit CNOT gates [17]. However,
it seems that a direct implementation of multi-qubit CNOT gates in specic quantum systems is more straightforward
and requires less elementary operations (for example laser pulses) than its decomposition.
We demonstrate this idea on a system of cold trapped ions. We will briey describe the system under consideration
and show how multi-qubit gates can be implemented.
The quantum system considered here is a model of a string of N atomic ions conned in the linear Paul trap
proposed by Cirac and Zoller in 1995 [16]. First experiments on a single ion and two ions were realized by the NIST
group in Boulder [18]. Experiments with more ions were done, for example, by the group in Innsbruck [19].
The connement of a system of trapped ions along the x, y and z axis can be described by an anisotropic harmonic











. The ions are rstly Doppler cooled and then undergo the sideband cooling. Laser cooling minimize
their motional energy and the ions oscillate around their equilibrium positions. In this case we can describe their
motion in terms of normal modes. We will consider only the lowest, center-of-mass (COM), vibrational collective
mode of the ions along the z axis, when all the ions oscillate back and forth as if they were a rigid body. The sideband
cooling leaves the ions in the quantum ground motional state, therefore we have to assume the Lamb-Dicke limit,
i.e. the photon recoil frequency (corresponding to the laser cooling transition) is much smaller than the frequency of
the considered COM mode. The ions in the trap represent qubits with two distinct internal atomic states denoted




, respectively. We will consider individual-ion-addressing
with a laser beam of the frequency !
L
represented by a classical traveling wave. Then, in the interaction picture,
in the rotating wave approximation plus the weak coupling regime and in the Lamb-Dicke limit we can write the
Hamiltonian corresponding to the interaction between the jth trapped ion (j = 1; : : : ; N ) and the laser beam tuned

























































is the laser coupling constant,  is the laser phase,  is the Lamb-Dicke parameter, a^ and a^
y
are











)=h is the atomic transition frequency.
Further, we can write the unitary evolution operators via which the action of quantum gates is realized. Firstly,
let us consider the evolution operator corresponding to a k-pulse on the carrier (t = k=j

j
j) applied on the jth ion













































j) on the jth ion



















































where q = I; II and je
I
i denotes the upper internal level, whereas je
II
i refers to an auxiliary internal level jauxi. In
the original proposal [16] the values of the parameter q = I; II refer to the situation where the transition excited by
the laser depends on the laser polarization.
The operators (5.3) and (5.5) provide us with the possibility to introduce the implementation of the single-qubit
rotation and multi-qubit CNOT gate on selected ions (representing qubits). It is obvious from the transformation (5.4)
that the evolution operator (5.3) corresponds to the single-qubit rotation O(k; ) on the jth ion [see the denition
(2.2)]. The two-qubit CNOT gate (the m
1
th ion is the control and the m
2
th ion is the target) is realized by the





















































































B(0) in the relation (5.7). The two-qubit CNOT gate can be extended to the multi-qubit (control)
q
-NOT gate
acting on q + 1 ions (m
1
; : : : ;m
q
ions represent the control, while the m
q+1
th ion is the target) and can be realized






















































































































It is obvious from Eqs. (5.8) and (5.10) that the ions must be kept in the ground motional state. This arrangement
eliminates heating processes which lead to decoherence. However, it is still the experimental challenge to cool to the
ground state jn = 0i more than two ions.
VI. DISCUSSION AND CONCLUSIONS
In this paper we have shown how multiparticle entangled states can be constructed with the help of multi-qubit
quantum gates. We have shown how to implement these gates on the system of cold trapped ions. This allows us to
\realize"any multi-qubit control-R gate and also any logic network proposed in Sec. III and IV.
To understand the feasibility of this algorithm we present some estimations considering the application of the
introduced gates and networks on cold trapped ions.
The main aim of further discussion is to illustrate a range of relevant physical parameters for implementation of
proposed scheme. Obviously, specic experimental setups have to be considered separately. We present just rough
estimates of minimal times required for realization of desired gate operations.




with the \ground" (computational) state jg = S
1=2
i and the \excited" (com-
putational) state je = D
5=2
i. The lifetime of the ion on the metastable D
5=2
level is 1.045 s.
We will assume N ions loaded and conned in the trap. The ions will be individually addressed with a laser beam







), where  denotes the radial distance and
2w
0
= 10m is the beam waist. Further, let the angle between the laser beam and the z axis be # = 60
Æ
. Then, the
recoil frequency of the Calcium ion is f
R










=2m, k = 2= and h = 2h. The
axial trapping frequency is !
z

























where q is the ion charge, m is the ion mass and 
0
is the permitivity of vacuum.
The multi-qubit CNOT gate on the ions is realized by the evolution operator (5.9). We will consider three types





) on the rst red sideband (5.5). Each elementary operation takes a certain time to be implemented on
the system of cold trapped ions. Steane et al. addressed in detail the speed of ion trap information processors in [22].





Lamb-Dicke parameter  can be set zero (i.e., the laser beam is perpendicular to the z axis). Thus, j
j can be made
large without restrictions on the weak coupling regime characterized by the condition j
j  !
z
. We will assume
j








, the Lamb-Dicke parameter must be non zero [see Eq. (5.2)].
This means that some unwanted o-resonant transitions will be present, which may signicantly aect times required
for the operations B
1;2
In Ref. [22] it has been shown that the minimal time T
B
for the realization of the operation B
1
is proportional to


















where the imprecision  =
p






Once the gate times are estimated, we can determine the minimal total time T required for the experimental





appear in the implementation of the network in FIG. 6. The total number of all operations, when preparing the state
(1.1) on N ions, is 2N
2
+ 4N   10. The explicit expression for the total time reads











In what follows we will consider several situations with the number of trapped ions varying from 2 to 20. In a
given ion trap for dierent values of ions we obtain dierent minimal spacings z
min
[see Eq. (6.1)]. The minimal
spacing between ions has to be larger than the half-width of the Gaussian prole of the addressing laser beam. In




= 7:31m [see Eq.(6.1)] and the given width of the Gaussian prole, the ratio between the light intensity of the
laser addressing a given ion to the intensity of the same beam on the neighboring ion is as small as 1:4%. Therefore,
individual ions can be addressed rather eÆciently.
As follows from Eq. (6.2) the minimal time for the gate operation depends on the required delity of the process.
In our case we consider two values of the delity, namely F = 99% and F = 75%. Given these values we can estimate
relevant physical parameters.
In TABLE II we present results of our estimations. From here we can conclude that for a given lifetime of Calcium
ions (1.045 s) one can perform in our scheme a coherent manipulation with up to 20 ions with the delity 99%. It










) F = 99% F = 75%
2 24.4 312 62.4 3 2 1 1.26 0.265
3 20.8 382 76.4 9 8 3 5.39 1.11
4 18.0 441 88.3 15 18 5 12.4 2.55
5 15.9 493 98.7 21 32 7 22.8 4.65
6 14.3 540 108 27 50 9 36.9 7.48
7 13.1 584 117 33 72 11 55.1 11.2
8 12.2 624 125 39 98 13 77.6 15.7
9 11.4 662 132 45 128 15 105 21.1
10 10.8 698 140 51 162 17 137 27.7
15 8.59 855 171 81 392 27 382 76.7
20 7.31 987 197 111 722 37 786 157
TABLE II: N is the number of Calcium ions in the trap, z
min
is the minimal distance between two neighboring ions (6.1), T
B
is the
minimal time for the realization of the operation B
1
[in Eq. (5.9)] for two dierent values of the delity (F = 99%; F = 75%). N(A) is the









T is the total minimal time (6.3) for the experimental preparation of the state (1.1) on N ions via the network in FIG. 6. T
A
= 5s is the
time for the realization of the operationA [in Eq. (5.9)].
We have chosen the cold trapped ions as an example for the situation when the direct implementation of the
multi-qubit CNOT gate (using elementary operations, i.e. in this case laser pulses) is much less demanding than the
decomposition of multi-qubit CNOT gates into the network of two-qubit CNOT gates. For instance, let us consider
the multi-qubit CNOT gate on six qubits. Using results of Ref. [17] we can decompose this multi-qubit CNOT gate
into the network composed of 12 two-qubit CNOT gates. In addition, this network had to be extended by three
additional auxiliary qubits. The multi-bit CNOT gate on N ions (5.9) is realized by 2N + 1 laser pulses. Each
two-qubit CNOT gate on two ions is then realized using ve laser pulses (5.7). It means that all together 60 pulses
have to be used for 12 two-qubit CNOT gates. However, the direct implementation of the multi-qubit CNOT gate
on six ions requires only 13 laser pulses. This dierence becomes even more signicant with the increasing number of
the ions. Obviously, smaller the number of pulses easier the scheme can be implemented.
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